Introduction {#Sec1}
============

One possible approach to motivating a geometrical theory of gravity is to compare the geodesic equation of differential geometry with Newton's force law. This suggests the identification of the gravitational forces with the components of the Christoffel symbols which in turn yields the identification of the gravitational potentials with the metric. Assuming a geometrical framework with a metric compatible covariant derivative without torsion gives the building block of Einstein's theory of general relativity, one can speak of the metric approach.

Soon after the original formulation of this geometrical theory of gravity, it was noted that there exists an alternative geometrical formulation which is based on a globally flat geometry with torsion. The key mathematical result to this approach goes back to Weitzenböck who noted that it is indeed possible to choose a connection such that the curvature vanishes everywhere. This formulation gives equivalent field equations to those of general relativity and we refer to this as the teleparallel formulation. This naming convention stems from the fact that the notion of parallelism is global instead of local on flat manifolds; see for instance \[[@CR1], [@CR2]\] and the references therein.

One of the basic equations of general relativity and its teleparallel equivalent is $\documentclass[12pt]{minimal}
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                \begin{document}$$R = -T + B$$\end{document}$ where *R* is the Ricci scalar, *T* is the torsion scalar and *B* is a total derivative term which only depends on torsion. Clearly, the Einstein--Hilbert action can now be represented in two distinct ways, either using the Ricci scalar or the torsion scalar, and consequently giving identical equations of motion. A popular modification of general relativity is based on the Lagrangian *f*(*R*) and can be viewed as a natural non-linear extension that results in fourth order field equations \[[@CR3], [@CR4]\]. On the other and, one could consider the Lagrangian *f*(*T*) which gives second order field equations \[[@CR5]\]. However, this theory is no longer invariant under local Lorentz transformations because the torsion scalar *T* itself is not invariant \[[@CR6], [@CR7]\]. Neither is the total derivative term *B* but the particular combination $\documentclass[12pt]{minimal}
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                \begin{document}$$-T + B$$\end{document}$ is the unique locally Lorentz invariant choice, see also \[[@CR8]\]. Hence, *f*(*R*) gravity and *f*(*T*) gravity and not equivalent and correspond to physically different theories. Now, considering the more general family of theories based on *f*(*T*, *B*) one can establish the precise relationship between these theories and it turns out that *f*(*R*) gravity is the unique locally Lorentz invariant theory while *f*(*T*) gravity is the unique second order theory.

The principal aim of this paper is to extend these results to take into account the Gauss--Bonnet term and its teleparallel equivalent. The Gauss--Bonnet scalar is one of the so-called Lovelock scalars \[[@CR9]\] which only yields second order field equations in the metric, hence in more than four dimensions the study of the Gauss--Bonnet term is quite natural. In four dimensions, on the other hand, the Gauss--Bonnet term can be written as total derivative and its integral over the manifold is related to the topological Euler number. However, it should be emphasised that topological issues in teleparallel theories are not well understood yet. The only known torsional topological invariant is the Nieh--Yan term; see \[[@CR10], [@CR11]\], and in particular \[[@CR12]\] in the context of teleparallel theories.

The teleparallel equivalent of the Gauss--Bonnet term was first considered in \[[@CR13], [@CR14]\] who studied a theory based on the function $\documentclass[12pt]{minimal}
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                \begin{document}$$f(T,T_G)$$\end{document}$. As is somewhat expected, the Gauss--Bonnet term differs from its teleparallel equivalent by a divergence term. Hence, as in modified general relativity, it is possible to formulate modified theories based on the Gauss--Bonnet terms or its teleparallel equivalent in such a way that both theories are physically distinct. The link between these theories comes from the divergence term which needs to be taken into account when establishing the relationship between the different possible theories. We also allow our action functional to depend on the trace of the energy-momentum tensor since this is a popular modification that has been investigated in recent years \[[@CR15]\].

There exists a large body of literature dealing with the various modified theories of gravity that have been investigated; see for instance the reviews \[[@CR3], [@CR4], [@CR16]--[@CR18]\].

*Our conventions*  Greek indices denote spacetime coordinates, Latin indices are frame or tangent space indices. $\documentclass[12pt]{minimal}
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                \begin{document}$$e_{\mu }^a$$\end{document}$ stands for the tetrad (1-form), while $\documentclass[12pt]{minimal}
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                \begin{document}$$E^{\mu }_a$$\end{document}$ denotes the inverse tetrad (vector field). The Minkowski metric is $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _{ab}$$\end{document}$ with signature $\documentclass[12pt]{minimal}
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                \begin{document}$$(-,+,+,+)$$\end{document}$. Where possible we follow the conventions of \[[@CR2]\].

Teleparallel gravity and the Gauss--Bonnet term {#Sec2}
===============================================

Teleparallel geometries {#Sec3}
-----------------------

The teleparallel formulation of general relativity is well known and provides some interesting insight into this theory. The fundamental objects of this formulation are the tetrad fields $\documentclass[12pt]{minimal}
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                \begin{document}$$e^{a}_\mu $$\end{document}$ and inverse tetrad fields $\documentclass[12pt]{minimal}
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                \begin{document}$$E^{\mu }_{a}$$\end{document}$ which satisfy the orthogonality relations$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E_{m}^{\mu } e_{\mu }^{n}&= \delta ^{n}_{m}, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E_{m}^{\nu } e_{\mu }^{m}&= \delta ^{\nu }_{\mu }. \end{aligned}$$\end{document}$$The standard (metric) formulation of general relativity is based on the metric tensor which is uniquely defined by given tetrad fields. The metric $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{\mu \nu }$$\end{document}$, the inverse metric $\documentclass[12pt]{minimal}
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                \begin{document}$$g^{\mu \nu }$$\end{document}$, and the tetrads and inverse tetrads are related by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g_{\mu \nu }&= e^{a}_{\mu } e^{b}_{\nu } \eta _{ab}, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g^{\mu \nu }&= E^{\mu }_{a} E^{\nu }_{b} \eta ^{ab}. \end{aligned}$$\end{document}$$The determinant of the tetrad $\documentclass[12pt]{minimal}
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                \begin{document}$$e^a_\mu $$\end{document}$ is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$e = \det (e^a_\mu )$$\end{document}$ and corresponds to the volume element of the metric which means we have $\documentclass[12pt]{minimal}
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                \begin{document}$$e=\sqrt{-g}$$\end{document}$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$g = \det (g_{\mu \nu })$$\end{document}$ is the determinant of the metric tensor.

The starting point of the teleparallel formulation of general relativity is the object$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} W_{\mu }{}^{a}_{\nu } = \partial _{\mu }e^{a}_{\nu }, \end{aligned}$$\end{document}$$from which we can define the torsion tensor$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T^{a}{}_{\mu \nu }&= W_{\mu }{}^{a}{}_{\nu } - W_{\nu }{}^{a}{}_{\mu } = \partial _{\mu } e_{\nu }^{a} - \partial _{\nu }e_{\mu }^{a}. \end{aligned}$$\end{document}$$We note that this is the skew-symmetric part of $\documentclass[12pt]{minimal}
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                \begin{document}$$W_{\mu }{}^{a}{}_{\nu }$$\end{document}$. In terms of spacetime indices the torsion tensor is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T^{\lambda }{}_{\mu \nu } = E_{a}^{\lambda } T^{a}{}_{\mu \nu }. \end{aligned}$$\end{document}$$In geometries with torsion the connection can be decomposed into a Levi-Civita part and an additional part due to the presence of torsion. The complete connection which we call the Weitzenböck connection decomposes as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} W_{\lambda }{}^{\mu }{}_{\rho } = {}^0 \Gamma ^{\mu }_{\lambda \rho } + K_{\lambda }{}^{\mu }{}_{\rho }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$${}^0 \Gamma $$\end{document}$ denotes the Levi-Civita connection and *K* is the contortion tensor. The contortion tensor can be expressed using the torsion tensor as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 2K_{\mu }{}^{\lambda }{}_{\nu } = T^{\lambda }{}_{\mu \nu } - T_{\nu \mu }{}^{\lambda } +T_{\mu }{}^{\lambda }{}_{\nu }. \end{aligned}$$\end{document}$$We note that the contortion tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$K_{\lambda }{}^{\mu }{}_{\rho }$$\end{document}$ is antisymmetric in its last two indices, this follows from the skew-symmetry of the torsion tensor in its last two indices; see ([6](#Equ6){ref-type=""}). Contracting the torsion tensor over the first and second index gives the so-called torsion vector$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T_{\mu } = T^{\lambda }{}_{\lambda \mu }. \end{aligned}$$\end{document}$$Considering a globally flat manifold means that the Riemann tensor vanishes identically $\documentclass[12pt]{minimal}
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                \begin{document}$$R_{abcs}(W) = 0$$\end{document}$, which is always possible by choosing the Weitzenböck connection. Next, we can decompose the Riemann tensor into a Levi-Civita part and another part due to torsion. The Levi-Civita part of this tensor can then be expressed in terms of the contorsion tensor as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} ^{0}R^{\lambda }\,_{\mu \sigma \nu }= & {} {}^0\nabla _{\nu }K_{\sigma }{}^{\lambda }{}_{\mu } - {}^0\nabla _{\sigma }K_{\nu }{}^{\lambda }{}_{\mu } \nonumber \\&+ K_{\sigma }{}^{\rho }{}_{\mu }K_{\nu }{}^{\lambda }{}_{\rho } - K_{\sigma }{}^{\lambda }{}_{\rho }K_{\nu }{}^{\rho }{}_{\mu }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$${}^0\nabla $$\end{document}$ stands for the covariant derivative with respect to the Leci-Civita connection. If we contract the first and third index of the Riemann tensor, we obtain the decomposition of the Ricci tensor$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} ^{0}R_{\mu \nu } {=} {}^0\nabla _{\nu }K_{\lambda }{}^{\lambda }{}_{\mu } - {}^0\nabla _{\lambda }K_{\nu }{}^{\lambda }{}_{\mu } {+} K_{\lambda }{}^{\rho }{}_{\mu }K_{\nu }{}^{\lambda }{}_{\rho } - K_{\lambda }{}^{\lambda }{}_{\rho }K_{\nu }{}^{\rho }{}_{\mu }. \end{aligned}$$\end{document}$$Finally, by using ([9](#Equ9){ref-type=""}) and contracting once more, one arrives at the well-known formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} R(e) {+} \left( \frac{1}{4}T^{abc}T_{abc}{+}\frac{1}{2}T^{abc}T_{bac}{-}T^aT_a\right) {-} \frac{2}{e} \partial _\mu (e T^\mu ) = 0. \end{aligned}$$\end{document}$$Here *R*(*e*) stands for the metric or Levi-Civita Ricci scalar; see also \[[@CR2]\].

Teleparallel gravity {#Sec4}
--------------------

The main implication of the previous rewriting is that it is hence possible to express the metric Ricci scalar entirely in terms of torsion$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R(e) {=}- \left( \frac{1}{4}T^{abc}T_{abc}{+}\frac{1}{2}T^{abc}T_{bac}{-}T^aT_a\right) {+}\frac{2}{e} \partial _\mu (e T^\mu ). \end{aligned}$$\end{document}$$This result can also be written in the following way:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R(e) = - S^{abc}T_{abc} + \frac{2}{e}\partial _\mu (e T^\mu ), \end{aligned}$$\end{document}$$where the tensor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^{abc}$$\end{document}$ is defined as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} S^{abc} = \frac{1}{4}(T^{abc}-T^{bac}-T^{cab})+\frac{1}{2}(\eta ^{ac}T^b-\eta ^{ab}T^c). \end{aligned}$$\end{document}$$Its form in spacetime coordinates can be written as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 2S_{\sigma }{}^{\mu \nu } = K_{\sigma }{}^{\mu \nu } - \delta ^{\mu }_{\sigma }T^{\nu } + \delta ^{\nu }_{\sigma }T^{\mu }. \end{aligned}$$\end{document}$$Frequently the specific combination $\documentclass[12pt]{minimal}
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                \begin{document}$$S^{abc}T_{abc}$$\end{document}$ is referred to simply as the torsion scalar *T* so that Eq. ([15](#Equ15){ref-type=""}) can be written very nicely as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R(e) = - T + \frac{2}{e}\partial _\mu (e T^\mu ). \end{aligned}$$\end{document}$$Recalling that the Einstein--Hilbert action of General Relativity is based on the Ricci scalar, we are now able to formulate a theory equivalent to this based on torsion by simply using the right-hand side of ([18](#Equ18){ref-type=""}) as our Lagrangian instead of the left-hand side. In either case one considers variations with respect to the tetrad fields. Since we will study the boundary term in some detail we introduce the notation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B = \frac{2}{e}\partial _\mu (e T^\mu ) = 2 \nabla _\mu T^\mu , \end{aligned}$$\end{document}$$so that ([18](#Equ18){ref-type=""}) can simply be written as $\documentclass[12pt]{minimal}
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                \begin{document}$$R = -T + B.$$\end{document}$

An important consideration is the behaviour of the above quantities under local Lorentz transformations. It is clear from ([6](#Equ6){ref-type=""}) that the local Lorentz transformation $\documentclass[12pt]{minimal}
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                \begin{document}$$e^a_\mu \mapsto \Lambda ^a{}_b e^b_\mu $$\end{document}$ will change the torsion tensor as the Lorentz transformations $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda ^a{}_b$$\end{document}$ are local and hence functions of space and time so that derivatives of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda ^a{}_b$$\end{document}$ appear. Therefore the torsion tensor does not transform covariantly under local Lorentz transformations; see also \[[@CR6], [@CR7]\]. Note that this is a direct consequence of the teleparallel approach and the combination $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-T+B$$\end{document}$ is the only combination of *T* and *B* which is locally Lorentz invariant.

In contrast to the standard teleparallel approach, complete Lorentz invariance is preserved when considering metric-affine theories \[[@CR19]\] in which the metric and torsion and are treated independently; see also \[[@CR20]\]. Consequently, the torsion scalar *T* and the boundary term *B* are both Lorentz scalars in this approach. The metric-affine framework has inspired the recent covariant formulation of *f*(*T*) gravity \[[@CR21]\] which is based on the idea of allowing the spin connection to be a dynamical variable in addition to the tetrad fields. This is an interesting alternative treatment to teleparallel theories of gravity which could in also be applied to investigate Gauss--Bonnet extensions.

Gauss--Bonnet term {#Sec5}
------------------

Teleparallel geometries have been well understood for many decades. Perhaps more surprising is the fact that the Gauss--Bonnet term was not studied in this context until quite recently \[[@CR13]\]. The Gauss--Bonnet term is a quadratic combination of the Riemann tensor and its contractions given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} G = R^2 - 4R_{\mu \nu }R^{\mu \nu } + R_{\mu \nu \kappa \lambda }R^{\mu \nu \kappa \lambda }, \end{aligned}$$\end{document}$$which plays an important role of connecting geometry to topology. It is well known that the addition of the Gauss--Bonnet to the Einstein--Hilbert action does not affect the field equations of general relativity, provided one works in a four dimensional setting. This fact implies that the topology of the solutions is unconstrained. In more than four dimensions the addition of the Gauss--Bonnet term affects the resulting gravitational field equations.

Following the procedure outlined in the above, we can again compute the (complete) Gauss--Bonnet term using the connection ([8](#Equ8){ref-type=""}) and decompose this result into a Levi-Civita part and an additional part depending on torsion only. Understandably, this process is quite involved. It can be shown, see \[[@CR13], [@CR22]\], that the Gauss--Bonnet term can be expressed in a fashion similar form to ([18](#Equ18){ref-type=""}) which simply reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} G = -T_{G} + B_{G}. \end{aligned}$$\end{document}$$The teleparallel Gauss--Bonnet term $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{G}$$\end{document}$ is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T_{G}&= \left( K_{a}{}^{i}{}_{e}K_{b}{}^{ej}K_{c}{}^{k}{}_{f}K_{d}{}^{fl} - 2K_{a}{}^{ij}K_{b}{}^{k}{}_{e}K_{c}{}^{e}{}_{f}K_{d}{}^{fl}\right. \nonumber \\&\quad \left. +\, 2K_{a}{}^{ij}K_{b}{}^{k}{}_{e}K_{f}{}^{el}K_{d}{}^{f}{}_{c} + 2K_{a}{}^{ij}K_{b}{}^{k}{}_{e}K_{c,d}{}^{el} \right) \delta ^{abcd}_{ijkl}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta ^{abcd}_{ijkl}$$\end{document}$ is the generalised Kronecker delta which in four dimensions is equivalent to $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta ^{abcd}_{ijkl} = \varepsilon ^{abcd} \varepsilon _{ijkl}$$\end{document}$. This term depends on the contortion tensor and its first partial derivatives, and it is quartic in contortion. This is expected as curvature in general is quadratic in contortion, and the Gauss--Bonnet term is itself quadratic in curvature.

On the other hand, the Gauss--Bonnet boundary term $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{G}$$\end{document}$ reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_{G} = \frac{1}{e}\delta ^{abcd}_{ijkl} \partial _{a} \left[ \frac{1}{2}K_{b}{}^{ij}R^{kl}{}_{cd} +K_{b}{}^{ij}K_{c}{}^{k}{}_{f}K_{d}{}^{fl}\right] . \end{aligned}$$\end{document}$$This expression can be deduced from \[[@CR13]\] who do not state this explicitly in four dimensions but provide a general formula using the calculus of forms which can be converted straightforwardly into this form. Equivalently, by using ([11](#Equ11){ref-type=""}), this term can be rewritten depending only on the contorsion tensor as follows:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_{G} = \frac{1}{e}\delta ^{abcd}_{ijkl} \partial _{a} \Big [K_{b}{}^{ij}\Big (K_{c}{}^{kl}{}_{,d}+K_{d}{}^{m}{}_{c}K_{m}{}^{kl}\Big )\Big ]. \end{aligned}$$\end{document}$$When discussing the teleparallel equivalent of general relativity we briefly touched upon the issue of Lorentz invariance. As before, it is clear that for instance $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{G}$$\end{document}$ cannot be a Lorentz scalar. To see this, one notes that the final term in definition ([22](#Equ22){ref-type=""}) contains a partial derivative. Therefore this term will contribute second partial derivatives of the local Lorentz transformations which cannot be cancelled by any other term in $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{G}$$\end{document}$. Since the Gauss--Bonnet term *G* is a Lorentz scalar, these second derivative terms must be cancelled by terms coming from $\documentclass[12pt]{minimal}
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                \begin{document}$$-T_{G} + B_{G}$$\end{document}$ is the unique Lorentz invariant combination which can be constructed. This fact becomes important when considering modified theories of gravity based on the teleparallel equivalent of the Gauss--Bonnet scalar.

In the following we will show some simple examples of the Gauss--Bonnet term and its teleparallel equivalent.

Example: FLRW spacetime with diagonal tetrad {#Sec6}
--------------------------------------------

Let us begin with the FLRW metric and the diagonal tetrad given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} e^a_{\mu }&= \text {diag} \left( 1,\frac{a(t)}{1+ (k/4)(x^2+y^2+z^2)},\right. \nonumber \\&\quad \left. \frac{a(t)}{1{+} (k/4)(x^2{+}y^2+z^2)},\frac{a(t)}{1+ (k/4)(x^2+y^2+z^2)} \right) , \end{aligned}$$\end{document}$$using spatial Cartesian coordinates. It is straightforward to verify that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} G&= 24\frac{k}{a^2}\frac{\ddot{a}}{a} + 24\frac{\ddot{a}}{a}\frac{\dot{a}^2}{a^2}, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T_{G}&= -24\frac{\ddot{a}}{a}\frac{\dot{a}^2}{a^2} + 2k\frac{k}{a^2}\frac{\ddot{a}}{a}\left( x^2+y^2+z^2\right) , \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_{G}&= 24\frac{k}{a^2}\frac{\ddot{a}}{a} + 2k\frac{k}{a^2}\frac{\ddot{a}}{a}\left( x^2+y^2+z^2\right) . \end{aligned}$$\end{document}$$These three quantities display some of the key properties important in this context. Firstly, we note that $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{G}$$\end{document}$ depend on the Euclidean distance from the origin while the Gauss--Bonnet term *G* is independent of the Cartesian coordinates. The unique linear combination $\documentclass[12pt]{minimal}
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                \begin{document}$$-T_{G}+B_{G}$$\end{document}$ is independent of position. Secondly, we have the case of a spatially flat universe; then these terms are absent and the term $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{G}$$\end{document}$ identically vanishes. The terms depending on the spatial coordinates can be changed be working with a different tetrad, or in other words, these terms are affected by local Lorentz transformations. Finding a tetrad for which $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{G}$$\end{document}$ are both independent of the spatial coordinates is a rather involved tasks, however, following the approach outline in \[[@CR23], [@CR24]\] we will show that a tetrad with this property can be constructed. Before doing so, we discuss another example with different symmetry properties.

Example: static spherically symmetric spacetime--isotropic coordinates {#Sec7}
----------------------------------------------------------------------

In this example we consider static and spherically symmetric spacetimes and work with isotropic coordinates (*t*, *x*, *y*, *z*) to avoid coordinate issues with the tetrads. Including time dependence is straightforward, however, the resulting equations are too involved. We choose$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} e^a_{\mu } = \text {diag} \Bigl ( A(r),B(r),B(r),B(r) \Bigr ), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$r=\sqrt{x^2+y^2+z^2}$$\end{document}$ is the Euclidean distance from the origin. The metric takes the isotropic form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {d}s^2 = -A(r)^2 {d}t^2 + B(r)^2 \bigl ({d}x^2+{d}y^2+{d}z^2\bigr ). \end{aligned}$$\end{document}$$The first three quantities of interest *R*, *T* and *B* are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R&= \frac{1}{B^2} \left( \frac{4}{r}\frac{A'}{A} {+} \frac{8}{r}\frac{B'}{B} {+} 2 \frac{A'}{A}\frac{B'}{B} {-} 2\frac{B'^2}{B^2} + 2 \frac{A''}{A} + 4 \frac{B''}{B} \right) , \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T&= \frac{1}{B^2} \left( 4 \frac{A'}{A}\frac{B'}{B} + 2\frac{B'^2}{B^2} \right) , \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B&= \frac{1}{B^2} \left( \frac{4}{r}\frac{A'}{A} + \frac{8}{r}\frac{B'}{B} + 6 \frac{A'}{A}\frac{B'}{B} + 2 \frac{A''}{A} + 4 \frac{B''}{B} \right) . \end{aligned}$$\end{document}$$A direct calculation verifies that indeed $\documentclass[12pt]{minimal}
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                \begin{document}$$R = -T + B$$\end{document}$ as we expected.

Next, we will state the explicit forms of *G*, $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{G}$$\end{document}$, which are$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} G&= \frac{8}{B^4} \left( \frac{2}{r^2}\frac{A'}{A}\frac{B'}{B} - \frac{2}{r}\frac{A'}{A}\frac{B'^2}{B^2} - 3\frac{A'}{A}\frac{B'^3}{B^3} + \frac{2}{r}\frac{A''}{A}\frac{B'}{B}\right. \nonumber \\&\quad \left. +\, \frac{A''}{A}\frac{B'^2}{B^2} + \frac{2}{r}\frac{A'}{A}\frac{B''}{B} + 2\frac{A'}{A}\frac{B' B''}{B^2} \right) , \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T_{G}&= -\frac{8}{B^4} \left( \frac{2}{r}\frac{A'}{A}\frac{B'^2}{B^2} - 3\frac{A'}{A}\frac{B'^3}{B^3} + \frac{A''}{A}\frac{B'^2}{B^2} + 2\frac{A'}{A}\frac{B' B''}{B^2} \right) ,\nonumber \\ \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_{G}&= \frac{8}{B^4} \left( \frac{2}{r^2}\frac{A'}{A}\frac{B'}{B} - \frac{4}{r}\frac{A'}{A}\frac{B'^2}{B^2} + \frac{2}{r}\frac{A''}{A}\frac{B'}{B} + \frac{2}{r}\frac{A'}{A}\frac{B''}{B} \right) , \end{aligned}$$\end{document}$$which indeed satisfies the required identity$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} G = -T_{G} + B_{G}. \end{aligned}$$\end{document}$$We note that the expressions are considerably more complicated than in the previous case.

The tetrads used in ([25](#Equ25){ref-type=""}) and ([29](#Equ29){ref-type=""}) serve as simple examples which are useful to compute the relevant quantities. However, in the context of extended or modified teleparallel theories of gravity, such tetrads should be avoided. The construction of a suitable static and spherically symmetric tetrad in *f*(*T*) gravity, for instance, is rather involved, see \[[@CR25]\]. In general the choice of a suitable parallelisation is a subtle and non-trivial issue, the interested reader is referred to \[[@CR26]\].

Example: FLRW spacetime--good tetrad {#Sec8}
------------------------------------

Let us next consider FLRW metric in spherical coordinates given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {d}s^2 = -{d}t^2+a(t)^2\Big [\frac{1}{1-kr^2}dr^2+d\Omega ^2\Big ], \end{aligned}$$\end{document}$$where *a*(*t*) is the scale factor of the universe and $\documentclass[12pt]{minimal}
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                \begin{document}$$k=\{0,\pm 1\}$$\end{document}$ is the spatial curvature which corresponds to flat, close and open cosmologies, respectively.

The simplest tetrad field which yields the above metric is the diagonal$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} e^{a}_{\mu } = \text {diag} \Big ( 1,a(t)/\sqrt{1-kr^2},a(t)r,a(t)r\sin \theta \Big ). \end{aligned}$$\end{document}$$However, when this tetrad is used in *f*(*T*) gravity it implies an off-diagonal field equation which is highly restrictive, namely the condition $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{TT}=0$$\end{document}$. Such a theory is equivalent to general relativity and hence it is not a modification. In order to avoid this issue, one can follow the procedure outlined \[[@CR23], [@CR24]\] which allows for the construction of tetrads which result in more favourable field equations. Consider the tetrad ([39](#Equ39){ref-type=""}) and perform a general 3-dimensional rotation $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}$$\end{document}$ in the tangent space parametrised by three Euler angles $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\Lambda ^a}_b= \begin{pmatrix} 1 &{}\quad 0 \\ 0 &{}\quad \mathcal {R}(\alpha ,\beta ,\gamma ) \\ \end{pmatrix}. \end{aligned}$$\end{document}$$We reduce this transformation considering the following values for the three Euler angles:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha =\theta -\frac{\pi }{2}, \quad \beta =\phi , \quad \gamma =\gamma (r), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ is taken to be a general function of both *t* and *r*. Doing this means we will work with the rotated tetrad$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \bar{e}^{a}_{\mu }&= \Lambda ^a{}_b e_{\mu }^{b}. \end{aligned}$$\end{document}$$Next, we focus on the non-flat case $\documentclass[12pt]{minimal}
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                \begin{document}$$k\ne 0$$\end{document}$, since the Gauss--Bonnet boundary term $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{G}=0$$\end{document}$ and hence directly $\documentclass[12pt]{minimal}
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                \begin{document}$$k=0$$\end{document}$. By using the rotated tetrad for $\documentclass[12pt]{minimal}
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                \begin{document}$$k\ne 0$$\end{document}$, the torsion scalar *T* and the boundary term *B* becomes$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T&= -\frac{4}{a^{2}} \left( \frac{\sqrt{1-k r^2}}{r^2}\Big [r \gamma ' \cos \gamma + \sin \gamma \Big ] + \frac{1}{r^2} \right) \nonumber \\&\quad + 6\frac{\dot{a}^2}{a^2} + 2\frac{k}{a^2}, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B&= -\frac{4}{a^{2}} \left( \frac{\sqrt{1-k r^2}}{r^2}\Big [r \gamma ' \cos \gamma + \sin \gamma \Big ] + \frac{1}{r^2} \right) \nonumber \\&\quad + 6 \frac{\ddot{a}}{a} + 12 \frac{\dot{a}^2}{a^2} + 8 \frac{k}{a^2}. \end{aligned}$$\end{document}$$Here, primes and dots denote derivation with respect to *r* and *t*, respectively. In order to have *T* and *B* position independent we must choose our function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ to satisfy$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sqrt{1-k r^2} \Big [r \gamma ' \cos \gamma + \sin \gamma \Big ] + 1 = 0. \end{aligned}$$\end{document}$$Let us first study the open universe $\documentclass[12pt]{minimal}
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                \begin{document}$$k=-1$$\end{document}$, which from the above equation, give us the following function:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \gamma (r) = -\arcsin \left[ {{\mathrm{arcsinh}}}(r)/r \right] , \end{aligned}$$\end{document}$$where we set the constant of integration to zero. Using this choice of $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ ensures that the first terms in ([43](#Equ43){ref-type=""}) and ([44](#Equ44){ref-type=""}) disappear thereby making *T* and *B* time dependent only. Therefore, the rotated tetrad ([42](#Equ42){ref-type=""}) with $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ given by ([46](#Equ46){ref-type=""}) is a 'good' tetrad in the sense of \[[@CR24]\]. Independently of the choice of tetrad we always obtain the usual Ricci scalar$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R = -T + B = 6 \frac{\ddot{a}}{a} + 6 \frac{\dot{a}^2}{a^2} +6 \frac{k}{a^2}. \end{aligned}$$\end{document}$$Moreover, by using this rotated tetrad we find that the Gauss--Bonnet terms are also independent of *r*, one can verify that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T_{G}&= -8\frac{\ddot{a}}{a}\Big (3H^2-\frac{1}{a^2}\Big ),\end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_{G}&= -16\frac{\ddot{a}}{a^3}, \end{aligned}$$\end{document}$$and hence the Gauss--Bonnet term in an open universe becomes$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} G = -T_{G} + B_{G} = 24\frac{\ddot{a}}{a}\Big (H^2-\frac{1}{a^2}\Big ). \end{aligned}$$\end{document}$$On the other hand, for the closed FLRW universe ($\documentclass[12pt]{minimal}
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                \begin{document}$$k=+1$$\end{document}$), we find that the function $\documentclass[12pt]{minimal}
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Modified theories of gravity and their teleparallel equivalents {#Sec9}
===============================================================

We are now ready to discuss the general framework of modified theories of gravity and their teleparallel counterparts. In principle our approach could be applied to any metric theory of gravity whose action is based on objects derived from the Riemann curvature tensor. Any such theory can in principle be rewritten using the torsion tensor thereby allowing for a teleparallel representation of that same theory.

Equations of motion {#Sec10}
-------------------

We will now consider the framework which includes the teleparallel Gauss--Bonnet and the classical Gauss--Bonnet modified theories of gravity. Inspired by the above discussion, we define the action$$\documentclass[12pt]{minimal}
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Variations of the action ([55](#Equ55){ref-type=""}) with respect to the tetrad gives$$\documentclass[12pt]{minimal}
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The field equations are very complicated, however, when considering a homogeneous and isotropic spacetime, they simplify substantially and can be presented in closed form. Comparison of these equations with previous results serves as a good consistency check of our calculations.
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For a flat FLRW, the field equations for the $\documentclass[12pt]{minimal}
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If we consider the rotated tetrad in a closed universe given by Eq. ([42](#Equ42){ref-type=""}) with $\documentclass[12pt]{minimal}
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Theories with energy-momentum trace {#Sec13}
-----------------------------------

We will now consider the above framework and include the trace of the energy-momentum tensor to the action ([55](#Equ55){ref-type=""}). This gives the extended action$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {T}^{a}_{\mu } = \frac{1}{e}\frac{\delta (eL_{m})}{\delta E_{a}^{\mu }}. \end{aligned}$$\end{document}$$and assume that the matter Lagrangian only depends explicitly on the tetrads and its derivatives and does not depend on the connection independently. The energy-momentum tensor is then given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Omega _{a}^{\beta }&= \frac{1}{4}e^{b}_{\alpha } \left( \frac{\delta \mathcal {T}_{b}^{\alpha }}{\delta e_{\beta }^{a}}\right) \nonumber \\&= \mathcal {T}_{a}^{\beta }+\frac{3}{2}E_{a}^{\beta }L_{m}-\frac{1}{2}e_{\alpha }^{b} \left( \frac{\partial ^2 L_{m}}{\partial e_{\beta }^{a}\partial e_{\alpha }^{b}}\right) . \end{aligned}$$\end{document}$$This completes the statement of the field equations.

Conclusions {#Sec14}
===========

Let us begin these conclusions with a discussion of the relationship between the various modified theories of gravity which are governed by the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(T,B,T_{G},B_{G})$$\end{document}$. In general these are fourth order theories which violate local Lorentz invariance. Therefore, these theories are quite different from general relativity in many ways. However, for a particular choice of this function, one is able recover general relativity or its teleparallel equivalent. Therein lies the power of this approach, namely one can recover the two equivalent formulations of general relativity using a single unified approach. This in particular clarifies the roles of the total derivative terms present in our framework. As was shown in \[[@CR8]\], by considering the function *f*(*T*, *B*) one can formulate the teleparallel equivalent of *f*(*R*) gravity and identify those parts of the field equations which are part of *f*(*T*) gravity, the second order part of the equations which is not locally Lorentz invariant. In analogy to this one can also make the relationships between various modified theories of gravity clear which are based on the Gauss--Bonnet term.Fig. 1Relationship between different modified gravity models with Gauss-Bonnet extensions and general relativity

The top left corner of Fig. [1](#Fig1){ref-type="fig"} refers to $\documentclass[12pt]{minimal}
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                \begin{document}$$f(T,B,T_{G},B_{G})$$\end{document}$ gravity, the most general theory one can formulate based on the four variables. One can think of the top entries as the teleparallel row and the bottom as the metric row. The arrows indicate the specific choices that have to be made in order to move from one theory to the other.

If we now include the trace of the energy-momentum tensor to our approach, things get slightly more complicated as the number of possible theories increases quite dramatically. We tried to visualise the entire set of possible theories in Fig. [2](#Fig2){ref-type="fig"}.Fig. 2Relationship between different modified gravity models with Gauss-Bonnet and trace extensions and general relativity

Now, the left half of the figure corresponds to the metric approach while the right half corresponds to the teleparallel framework. The four main theories of the previous discussions are highlighted by boxes. Many of these theories were considered in isolation in the past and their relationship with other similarly looking theories was only made implicitly. We should also point out that our representation of these theories is only one of the many possibilities and moreover, Fig. [2](#Fig2){ref-type="fig"} is incomplete. There are many more theories one could potentially construct which we have not mentioned so far. The diagram was constructed having in mind those theories which have been studied in the past.

In constructing the diagram we also made the interesting observation that the theory based on the function *f*(*R*, *T*) should be viewed as a special case of the teleparallel gravity theory *f*(*T*, *B*). To see this, simply recall the principal identity $\documentclass[12pt]{minimal}
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                \begin{document}$$f(-T+B,T)$$\end{document}$ is the teleparallel equivalent of *f*(*R*, *T*) theory and also that the teleparallel framework should be viewed as the slightly more natural choice for this theory.

We provide a short list of theories in Table [1](#Tab1){ref-type="table"} with accompanying references for the interested reader, mainly focusing on the primary sources or reviews where such theories were considered.Table 1Short list of previously studied theories covered by the function $\documentclass[12pt]{minimal}
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                \begin{document}$$f(T,B,T_{G},B_{G},\mathcal {T})$$\end{document}$TheorySome key references*f*(*R*)Reviews by Sotiriou and Faraoni \[[@CR3]\] and De Felice and Tsujikawa \[[@CR4]\]*f*(*T*)Ferraro and Fiorini \[[@CR5]\], and review by Cai et al. \[[@CR18]\]*f*(*T*, *B*)Bahamonde et al. \[[@CR8]\]*f*(*R*, *T*)Myrzakulov \[[@CR29]\]*f*(*R*, *G*)Nojiri et al. \[[@CR30]\]$\documentclass[12pt]{minimal}
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                \begin{document}$$f(T,T_{G})$$\end{document}$Kofinas and Saridakis \[[@CR13]\] and Kofinas et al. \[[@CR14]\]$\documentclass[12pt]{minimal}
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                \begin{document}$$f(T,\mathcal {T})$$\end{document}$Harko et al. \[[@CR31]\]

Of the many possible theories one could potentially construct from $\documentclass[12pt]{minimal}
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                \begin{document}$$f(T,B,T_{G},B_{G},\mathcal {T})$$\end{document}$, we identified some which might of interest for future studies. Clearly, there are many theories which do not have a general relativistic counter part like $\documentclass[12pt]{minimal}
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                \begin{document}$$f(B,T_G,B_B,\mathcal {T})$$\end{document}$ since no theory in this class can reduce to general relativity. However, it is always possible to consider such a theory in addition to general relativity by considering for instance a theory based on $\documentclass[12pt]{minimal}
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                \begin{document}$$-T+f(B,T_{G},B_{G},\mathcal {T})$$\end{document}$. For a function linear in its arguments this yields the teleparallel equivalent of general relativity.

It is also useful to make explicit the limitations of the current approach put forward by us. In essence, we are dealing with modified theories of gravity which are based on scalars derived from tensorial quantities of interest, for instance the Ricci scalar or the trace of the energy-momentum tensor. However, theories containing the square of the Ricci tensor or theories containing the term $\documentclass[12pt]{minimal}
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                \begin{document}$$R_{\mu \nu }\mathcal {T}^{\mu \nu }$$\end{document}$ are not currently covered. In principle, it is straightforward though to extend our formalism to such theories. In case of the quantity $\documentclass[12pt]{minimal}
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                \begin{document}$$R_{\mu \nu }\mathcal {T}^{\mu \nu }$$\end{document}$, we would have to recall Eq. ([12](#Equ12){ref-type=""}) so that this term can be expressed in the teleparallel setting, something that also has not been done yet. Likewise, we could also address quadratic gravity models \[[@CR32]\] which contain squares of the Riemann tensor and again use Eq. ([11](#Equ11){ref-type=""}). Theories depending on higher order derivative terms \[[@CR33]\] also require a separate treatment.

The current approach is entirely based on the torsion scalar *T* which is motivated by its close relation to the Ricci tensor. However, in principle one could follow the work of \[[@CR34]\] and decompose the torsion tensor into its three irreducible pieces and construct their respective scalars. This would allow us to study a larger class of models based on those three scalars and the boundary term. To the best of our knowledge this has not been considered in the past and would make an interesting further development.

For many years now, an ever increasing number of modifications of general relativity has been considered. In this work we focussed only on theories where the gravitational field can either be modelled using the metric of the tetrad. Hence, we excluded all types of metric-affine theories where the metric and the torsion tensor are treated as two independent dynamical variables. It would be almost impossible to present a visualisation that encompasses all those theories as well. Even this would represent only a fraction of what is referred to as modified gravity. It would still exclude higher dimensional models, Einstein--Aether models, Hořava--Lifshitz theory and many others. It is also interesting to note that *f*(*R*) gravity for instance can be formulated as a theory based on a non-minimally coupled scalar field. Hence, many of the theories in Fig. [2](#Fig2){ref-type="fig"} might also have various other representations which in turn might be connected in different manners.

This discussion motivates the process of classifying the different families of modifications of general relativity and their possible interrelations, followed by a broad investigation of which theories should not be studied further due to incompatibilities with well-established observational bounds. It appears that we are reaching the point where we possibly do not need more theories but rather an improved sense of direction for future developments.

Appendix A: Derivation of the field equations {#Sec15}
=============================================
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                \begin{document}$$B_{G}$$\end{document}$ {#Sec16}
--------------------------------------------------------

The Gauss--Bonnet boundary term is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_{G} = \frac{1}{e}\epsilon _{ijkl}\epsilon ^{bcda}\partial _{a}\Big [\frac{1}{2}K_{b}{}^{ij}R^{kl}{}_{cd}+K_{b}{}^{ij}K_{c}{}^{k}{}_{f}K_{d}{}^{fl}\Big ], \end{aligned}$$\end{document}$$or equivalently$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_{G} = \frac{1}{e}\partial _{\mu }(eE_{a}^{\mu }B_{G}^{a}), \end{aligned}$$\end{document}$$where we introduced the vector $\documentclass[12pt]{minimal}
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                \begin{document}$$B_{G}^a$$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} B_{G}^{a} = \epsilon _{ijkl}\epsilon ^{bcda}\Big (\frac{1}{2}K_{b}{}^{ij}R^{kl}{}_{cd}+K_{b}{}^{ij}K_{c}{}^{k}{}_{f}K_{d}{}^{fl}\Big ). \end{aligned}$$\end{document}$$Using the relationship between the contortion tensor and the Riemann tensor, this means Eq. ([11](#Equ11){ref-type=""}), and recalling that in four dimensions $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{ijkl}\epsilon ^{bcd\mu }=\delta _{ijkl}^{bcd\mu }$$\end{document}$, the above term ([A3](#Equ82){ref-type=""}) can be rewritten as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} B_{G}^{a} = \delta _{ijkl}^{abcd}K_{b}{}^{ij}\Big ((K_{c}{}^{kl})_{,d}+K_{d}{}^{m}{}_{c}K_{m}{}^{kl}\Big ). \end{aligned}$$\end{document}$$We are now considering variations of the function $\documentclass[12pt]{minimal}
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                \begin{document}$$f(T,B, T_{G},B_{G})$$\end{document}$ with respect to the tetrad fields, beginning with the quantity $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta e = eE_{a}^{\beta }\delta e_{\beta }^{a}$$\end{document}$, and boundary terms were neglected. The final term in the above equation reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\delta K_{b}{}^{ij}$$\end{document}$ in Eq. ([A6](#Equ85){ref-type=""}) which needs to be expressed as a variation with respect to the tetrad $\documentclass[12pt]{minimal}
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                \begin{document}$$D^{b}{}_{ij}\delta K_{b}{}^{ij}$$\end{document}$ changes its form in this context. This formula will be useful for computing $\documentclass[12pt]{minimal}
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                \begin{document}$$P^{b}{}_{ij}\delta K_{b}{}^{ij}$$\end{document}$ and is also needed when computing the variations of $\documentclass[12pt]{minimal}
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Recall the contortion and torsion tensors, respectively,$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Next, by using ([A9](#Equ88){ref-type=""}) and neglecting boundary terms we find$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D^{b}{}_{ij}\delta K_{b}{}^{ij}$$\end{document}$ to terms with $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta e_{\beta }^{a}$$\end{document}$ will be$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$D^{b}{}_{ij} \rightarrow P^{b}{}_{ij}$$\end{document}$ we find the useful equation$$\documentclass[12pt]{minimal}
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